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Abstract 

For J an integral domain and F its field of fractions, we construct a map 
from the 3-skeleton of the classifying space for F = SL2(to a Eu¬ 
clidean building on which F acts. We then find an infinite family of indepen¬ 
dent cocycles in the building and lift them to the classifying space, thus proving 
that the cohomology group i SL2 ;Fj is infinite-dimensional. 


1 Introduction 

Let J be an integral domain with identity and F its field of fractions. Onr goal in 
this paper is to prove the following theorem: 

Theorem 1. ^SL 2 is infinite-dimensional. 

This theorem generalizes several earlier results about the hniteness properties of 
SL2 (Z[f,In |KM97] . Krstic-McCool prove that SL2(J[t,among other 
related groups, is not F2. 

In jBWOGj . Bux-Wortman use geometric methods to prove that SL2(Z[t, is 
also not FP2. In particular, they use the action of SL2(Z[f,on a product of 
locally inhnite trees. Bux-Wortman also ask whether their proof can be extended to 
show the stronger result that iL2(SL2(Z[f, Z) is inhnitely generated. Knudson 
proves that this is the case in |Knu08] using algebraic methods. Note that this result 
also follows from Theorem [1) Since Q is a held, 

t-% Q) ~ Hom(ih2(SL2(Z[f, r']); Q), Q) 

Since Hom(iL2(SL2(Z[t, Q), Q) is inhnite dimensional, so is iL2(SL2(Z[t, Q), 
which implies that iL2(SL2(Z[t, Z) is not hnitely generated as a Z-module. 
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The methods in this paper will be geometric. We will define two spaces on which 
SL2( J[t, acts: one a Euclidean building as in |BWn 6 ] . and the other a classifying 

space for SL2( J[f, A map between these spaces will allow us to explicitly define 

an infinite family of independent cocycles in iJ^(SL2( J[f, E). 

The methods used are based on those of Cesa-Kelly in |CK 15 j . where they are 
used to show that (SL3(Z[f]); Q) is infinite-dimensional. Wortman follows a 
similar outline in |Worl 3 ] . 
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2 The Euclidean Building 

Throughout, let J be an integral domain with identity, F the field of fractions over 
J, and T = SL2(J[f,ri]). 

We begin by recalling the structure of a Euclidean building on which T acts. 
The following construction uses the notation of Bux-Wortman in |BW 06 ] . Let 
and z/q be the valuations on F{t) giving multiplicity of zeros at infinity and at zero, 

respectively. More precisely, Voo = deg(g(t)) — deg(p(t)), and z/q 

where t does not divide the polynomials r and s. Let Too and Tq be the Bruhat-Tits 
trees associated to SL2(T(t)) with the valuations and z/q, respectively. We will 
consider each tree as a metric space with edges having length 1 . Let X = Too x Tq. 

Since F{(t~^)) (respectively F{(t))) is the completion of F(t) with respect to 
z^oo (resp. uq), SL2(T((t“^))) (resp. SL2(T(t))) acts on the tree Too (resp. Tq). 
Therefore the group SL2(T((t“^))) x SL2(T((f))) acts on X. 

Throughout this paper, we will regard T and SL2(T(t)) as diagonal subgroups of 
SL2(T((f“^))) X SL2(T((f))), which act on X via that embedding. 

Let Too (resp. Tq) be the unique geodesic line in Too (resp. Tq) stabilized by the 
diagonal subgroup of SL2(T(f)). Let ioo ■ K —> Too (resp. io : M —> Tq) be an 
isometry with £oo( 0 ) (resp. ^o(O)) the unique vertex with stabilizer SL2(T[f“^]) (resp. 
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SL2(-F[t])). Let xo = (^oo(O), ^o(O)) serve as a basepoint of X and S = Loo x Lq so 
that S is an apartment of X. 


3 The Action of P on X 


The goal of this section is to establish certain large-scale featnres of the action of T 
on X. In particular, we will hnd a horoball containing a sequence of points far from 
Xq and show that the T-translates of this horoball are disjoint. The techniques here 
are similar to those used by Bux-Wortman in |BWllj . 

For certain parts of the proof, it will be convenient to work with T= SL2(L’[t, 
instead of with T. Note that T p also acts on and on Tq and therefore acts diag¬ 
onally on X. 

We also define the following useful subgroups: 


P = 




a,b G F{t) 


U = 


A = 



X E F(t) 


a E F{t) 


For any diagonal subgroup G of SL2(F((f ^))) x SL2(F((f))), we will use the 
notation 

Gr = G n F 

and 

Gr^ = G n Fi? 

Lemma 2 . The double coset space Vp\S'L2{F{t))/P is a single point. 


Proof. Consider the action of SL2{F{t)) on F^{F{t)) by 


fa b\ 

X 


ax + by 

led) 

y 


cx + dy 


Under this action, P is the stabilizer of 


, so SL2(F(f))/P = F\F{t)). Since F^. 


acts transitively on PpF(t)), Tp\Sh2{F(t))/P is a single point. 


□ 
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Let /Soo be the Busemann function in Too for £oo|[0,oo) and /do the Busemann func¬ 
tion in To for 4 |[o,oo) 

Let p : [ 0 , cxd) —)■ X be the geodesic ray with p{s) = (^oo(-s), f'o('S)). Let /dp be 
the Busemann function for p with /3p{xo) = 0 such that I3p{x, y) = /3oo{x) + /3o{y) for 
any x G Too and y G Tq. Thus /d“^([(i, cxd)) is a horoball based at p{oo). 

Lemma 3. stabilizes the horosphere /d“^(r) for every r G M. 

Proof. Since Ppp = ArpUrp, it suffices to show that each of these groups preserves 

Since /doo and /do are TrF’OQnivariant, so is /dp. Thus Upp preserves /d“^(r). 

Let 


Ap = 




a e F 


and T = ~ ApD^ 

For any x G Too,?/ e do we have l 3 oo{Dx) = / 3 oo{x) + 2 and l 3 o{Dy) = / 3 o{y) - 2 . 
Therefore / 3 p{D{x,y)) = / 3 p{x,y) and D preserves /d“^(r). 

Since Ap acts trivially on X, it preserves /d“^(r). 

□ 


Note that this also implies that the horoball / 3 p^{[d,oo)) is stabilized by Prp, 
since it is a union of horospheres. 

The following lemma will be useful for describing the action of U on the bound¬ 
aries ( 9 Too and dT^. 

Lemma 4. For any open sets V C F{(t~^)) and W C F{(t)), we have 

B n IF n F{t) ^ 0 

Proof. Consider the sequence a* = which converges to 1 in T((t“^)) and to 0 
in F{(t)). Let v E V and w G IF. Then the sequence /3i = (v — w)ai + w converges 
to V in F{{t~^)) and to w in F{{t)). Therefore /dj G FfllFnT(t) for any sufficiently 
large i. □ 

Lemma 5. is a fundamental domain for the action of U on X. 
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Proof. Let x G Too, y ^ Tq. Then the set 


y = <^ a e T((t-^)) 


1 a 
0 1 


£00 passes through x 


is open in T((t ^)). Similarly, 


W= {(3 e 


1 f 3 

0 1 


£0 passes through y 


is open in F{(t)). 


1 7 


By lemma m there is some 7 G 1 ^ n hh n F{t). Since (a:, ?/) G ^ ^ h^-ve 

f/S =X. 


To see that S contains only one point from each 17 -orbit, observe that a point 
a; G S is uniquely determined by the values (^ao^x) and (3q{x). Since U preserves / 3 oo 
and /do, Ux fl S = a;. 

□ 


Let Xn = (^ooW, 4 (’^))- 

Lemma 6. There is some s > 0 such that for every R> 0 

I3-\R) C Nbhd,(r,.a;^) 

where m is an integer such that |T — m| < 

Proof Let y = (£oo(-R), t'o(-R)) = / 3 “^(T) fl p and D = 

Since 



Pf\R) n E = {{t^{x),to{R - x)) la: G M} 

and 

T>"-(£oo(a),4(&)) = {too{a + 2n)4o{h-2n)) 

we see that 

/d;i(T)nEcNbhd272(^r-2/) 
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Since X = [/S and U preserves 


Let m G Z be such that \R — m\ < i. Since d(xm, y) < we have 

P;\R) C mhd^^^^iUAr • Xm) 

Let 


(7 = 



1 a\ (1 b 
0 1 ’ 0 1 


a€F[|r']|,6€F|W| 


Then C C SL2(-F((t ^))) x SL2(F((t))) is bounded with U C CUr- Thus, there 
is some r G M such that Ux G Nbhdr.(t/r2:) for every x E X, which yields 

(3;\R) C Nbhd2^^^^^(17rLlr • Xm) 

Since UrAr < T^, this gives the desired inclusion 


Pp \R) C Nbhd2^^^^^(rF • Xm) 

□ 

Lemma 7. For every C > 0, there is some N E N such that d{xn, T fXq) > C for 
every n > N. 

Proof. The following proof is based on the proof of Lemma 2.2 by Bux-Wortman in 
|BW 06 ] . 

Let C > 0 . 

We will show that any subsequence of {x2n\ is unbounded in the quotient space 
T f\X. This implies that only a hnite number of points of {x2n} can be contained in 
any neighborhood of T fXq. Since a hnite number of points of {x2n} are contained in 
Nbhd^_,_y2(rFa;o) and d{x2n, X2n+i) = \/2, a hnite number of points of {x2n+i} are 
contained in Nbhdc7(rj;'a;o). This suffices to prove the lemma. 

The group Sh2{F{t)) x SL2{F(t)) acts componentwise on X, and has a metric 
induced by the valuations Voo and vo- Under this metric, the stabilizer of xq is a 
bounded subgroup. Thus, to prove that a set of vertices in T f\X is not bounded, it 
suffices to prove that it has unbounded preimage under the projection 

r^\ (SL2(F(t)) X SL2(F(t))) ^ r^\x 
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given by Tpg i—)■ Tpgxo. 

and 5 = (D, G SL2(F(t)) x SL2(F(t)). Then A^xo = X2n- 

It therefore suffices to prove that any inhnite subset of {TF(^”}neN is unbounded in 

TA (SL2(F(f))xSL2(F(f))). 

Assume that this is not the case. That is, assume that there is some inhnite 
subset J C N such that {Tis bounded. Then there is some L such that 

for every i G / there is some Mi = G T^ such that the values of Voo of 

the coefficients of MiD^ are bounded from below by L and the values of uq of the 
coefficients of MiD~^ are also bounded from below by L. Then 


Let D = 


^-1 


L ^ noo(^n^ ) ^oo(^n) “t“ nnoo(t) '^oo(^n) ^ 


and 


L < vo{ant ”) = no(a„) - nvo{t) = no(an) - n 
This gives that Voo{cin) > 1 and no(a„) > 1 whenever n > 1 — L, which implies that 

d^i 0 . 

The same argument shows that c„ = 0 , which implies that Mj is not in Twhen 
i>l-L. □ 


Lemma 8. There is some R> 0 such that V p ■ xqA l 3 p^{\R, oo)) = 0 . 

Proof. Since ( 3 f^{[R, oo)) is a union of the horospheres / 3 f^{r) for r G [R, oo), Lemma 
E] guarantees that 


/3p^{[R,oo)) (Z IJ Nbhd^(rj7’-a;^) 
•{^mSZ|m>iJ—i j- 


for some s. 

By Lemma [71 d{xm, T p ■ Xq) > s for large values of R. This implies that 


d{Tp ■ Xm,Tp -xo) > s 


Thus, we may conclude that 

Ti^ - Xo oo)) = 0 


□ 
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Fix R as in Lemma [HI Let d be the maximum distance from a point in the 
horosphere to the orbit F^? • xq. 

Lemma 9 . d is finite. 

Proof. By Lemma [6l ( 3 ~^{R) C Nbhds(F pXn) for some n > 0 , s > 0 . Thus for every 
X G ( 3 ~^{R) there is some 7 G Fi? such that d(x, 7 • Xn) < s. Since 

d(7 • 7 • xo) = d{xn, xo) = n \/2 

we have d(x, 7 • Xq) < s + n\/ 2 . Since this bound is independent of x, it follows that 
d < s + n\/ 2 . □ 

Let H = fi-^{\R + d,oo)). 

Lemma 10 . Let 7 G F^?. If '^H fl FT 7^ 0 , then 'jH = H and 7 G Pr^- 

Proof. Let C be the chamber of dX containing the point p{oo) and S' C X an 
apartment whose boundary contains C and 7C. The endpoints of the arc C are 
^oo(oo) and ^o(oo). Thus, any chamber adjacent to C contains one of these two points. 
Because Stabr^(£oo(oo)) = Stabrj,(^o(oo)) < P-, any element of F^? either stabilizes 
both £oo(oo) and io{oo) or neither. Therefore, C and 7C cannot be adjacent. Since 
each apartment of dX contains exactly four chambers, the two chambers are either 
equal or opposite. 

If C and 7C are opposite, then S' n FT fl yFf is contained in a neighborhood of 
a hyperplane in S'. Suppose x G S' fl yFf n / 9 “^(F 2 ). It follows from the choice of d 
that there is some y G F^? • xq such that d{x,y) < d. Since ( 3 ^p{x) > i? + d, it is 
clear that ( 3 ^p{y) > R. Therefore / 3 p{'j~^y) > R, which contradicts Lemma [HI since 
j-^y G Tp ■ Xq. 

Thus jC = C, which implies that 7 G Pvp- It follows that H and 'jH are 
horoballs based at the same boundary point. Since 7 preserves distance from F p-Xq, 
-fH = H. □ 

4 The Classifying Space 

We will now construct a second space on which F acts freely and properly discon- 
tinuously by isometries. A map between the two spaces will allow us to construct 
cohomology classes of F in the familiar context of a product of trees. 

Let Xq be a discrete collection of points {xfi'-^ ^ T}. F acts freely on this set by 
■y' ■ x.y = xy.y. Dehne a F-equivariant map fio : Xq —> X by = 7 • Xq. By 

Lemma [HI V’o(A'o) fl FT = 0 . Note also that '<Pq{Xq) fl yFf = 0 for every 7 G F. 


Construct Xi from Xq by attaching a 1 -cell of length 1 between every 

pair of points x^,Xy G Xq. For G F, let C : be the unique 

distance-preserving map with C(3^7) = and C(^7') = ^C7'- This defines a F-action 
on Xi that extends the F-action on Xq. 

We wish to dehne a F-equivariant map "ipi : Xi —)■ X extending -00 and with 

C X - IJ 
7er 

For every nonidentity element 7 G F, choose a path from xq to 7x9. Since 
d{'yH) is connected for all 7 G F, we can choose all such paths to lie outside of 

IJ 'yH. We may then define 'ipii.Ex^^x ,) to lie along the path 7C(^-iy). 

7er ^ 

We will build a family of spaces Xn inductively. Beginning with an n-dimensional, 
(n — l)-connected cell complex on which F acts freely and a F-equivariant map 
rjjn '■ Xn — > X, we may construct an n -|- 1 -dimensional, n-connected cell complex 
Xn+i on which F acts freely and a F-equivariant map V’n+i ^ Xn+i —> X. For every 
map s : S'” — )■ Xn, attach an (n-l-l)-cell Eg along 7s for every 7 G F. This results in 
an n-connected space Xn+i- Define a F-action on Xn+i by -yEg = E^g. For each s as 
above, define r/’n+i,* • Eg —> X to extend 'ipn{dEg) with 'ipn+i,'ys = 7V’n+i,s- Because 
7 r„+i(X) is trivial for all n, this is always possible. There is a unique F-equivariant 
map V’n+i extending these maps. 

Since the focus of Theorem [ 1 ] is second-dimensional cohomology, we will use the 
space Xq extensively. Therefore we will let ib = ihr,. Since F\Xq is the 3 -skeleton of 
a A'(r, 1), H\T-, F) = F). 


5 Local Cohomology 


Before dehning cocyles on F \ X3, we will dehne cocycles in the relative homology 
groups of several subspaces of X. 

Recall that Xn = {^ooin), loin)). We will assume from now on that n> R + d so 
that Xn G E[. Recall also 


U = 




X E E{t) 


and Ur = U nT. 
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Let 


U„.= 


1 X 
0 1 


Voo{x) > -n,vo{x) > -n 


and 


n _ J I ^ Y2i=k 


= 


0 1 


/c, £ G Z, Oj = 0 for — n < i < n 


Then UnnU^ = Id and Ur = UnU^. 

Let Sn be the star of in X (that is, the collection of cells having Xn as a vertex) 
and C the cell in Sn containing Xn-i- Let Sj^ = UnC. This is also the nnion of 2 -cells 
in Sn with / 3 oo and / 3 o bonnded above by n. 

We will dehne cocycles Ll dSn] F). Snmming these over cosets of 

Ur in T will give us cocycles in F[^ (T; F), which we will use to prove Theorem [H 


Lemma 11. 


1 at-^ + bU 
0 1 


a,b G F 


< Un acts transitively on the set of 2 - 


cells in Sj^. 

Proof. We begin by describing subsets of Un that act transitively on the sets 
Eo = {C (n) X e|e C Tq an edge, f'o(^) ^ e, + 1 ) ^ c} 


and 


-Eoo = {e X lQ{n)\e C an edge, £oo(’T') e e,ioo{n -1- 1 ) ^ e} 


Let 


and 




a e F 




beF 
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acts transitively on the set of edges in Tq incident to io{n) and not to £0(^+1)- 
Since stabilizes Xn, it acts transitively on Eq. Denote by cq the edge in Eq 

( 1 

Q 1 ) ^0 a G F. 

Similarly, U^°° acts transitively on the set of edges in Too incident to ioo{n) and 
not to ioo{n + 1 ). Since U^°° stabilizes Xn, it acts transitively on E^o- Denote by /o 

( 1 bE 

g 1 /o for each 

beE. 

Since any 2 -cell in Sj^ contains a nnique pair of edges Ca and fb in its bonndary, 


X = 


1 at + bf 
0 1 


a,b G E 


acts transitively on the set of 2-cells in Sj^ as well as on Eq and E^o- 


□ 


Let Cqq be the 2 -cell in containing and let = 



/^n 

^ 0 , 0 * 


Orient each edge and fb with initial vertex Xn- We may then choose an orientation 
for each snch that we have = Ca — fb + D for some chain D C Sj^D dSn- 
Dehne a cochain ipn by ‘fniCf^b) ~ Since X is 2 -dimensional, any 2 -cochain 
is a cocycle. 

We will dehne cocycles in iL^(r\X3; E) as snms of the (pnS. The following lemma 
will be used in proving that these cocycles are well-dehned. 


Lemma 12. (p^ is Un-invarant. 


Proof. Let a basic cycle in Sf be one of the form Cf y — Cf, y — Cfy, + Cf, We 
will show hrst that ipn is T„-invariant on basic cycles, then that any cycle is a sum 
of basic cycles. 

Let 


u = 


1 

0 





11 



and D be a basic cycle. 


ifniuD) 


^niuC^^y - UC^,^y - UCly, + UC^,^y,) 

^ny^x+a-n^y+an ^x'+a-n,y+an ^x+a-n,y'+an ^x'-\-a-n,y'+an 

{x + a-n){y + an) - {x' + a-n){y + an) - {x + a-n){y' + an) 

+ (x' + a-n){y' + an) 

xy — x'y — xy' + x'y' 
y^n{D) 


Thus i^n is t/n-invariant on basic cycles. 

It remains to show that all cycles are sums of basic cycles. Dehne the length I of 
a chain in H2{S)i, Sj^f] dSn) by 


\ij6J / 


y~! 

i,jeJ 


Suppose there are cycles which are not sums of basic cycles. Let B = Yhij&j 
be such a cycle with the property that 1 {B) < 1 {B'), for B' any other such cycle. Let 
C^y be a 2 -cell such that > 0 . Since B is a cycle, OB = 0 . Therefore, there are 
some x\y' G J such that ax',y,o:x,y' < 0 . Then 

KB - {Cly - C:,^y - Cly, + C:,^y,)) ^ ^ ■ 2 

Since this cycle differs from i? by a basic cycle, it cannot be written as a sum of 
basic cycles, contradicting the assumption that B is the shortest cycle with that 
property. □ 

6 Cohomology 

We now wish to dehne cocycles in iL^(r\X3; F) by summing ipn over cosets of Uy in 

T. 

Let Yn = Stabt/(a;„) ■ S 

Lemma 13. W is a fundamental domain for the action ofU^ on X. 
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Proof. We will show first that W intersects every 17"-orbit in X. That is, 


X = U^ Stabf/(a:„)S 


Since f/S = X, it suffices to show that Uxn = U'^Xn- Let u ^ U. Since u preserves 
/9p, there is some m > n such that uXm = Xm- By lemma ITTl for every n < i < m, 
the group 


14 = 


1 a_jt * + Qif 
0 1 


O—i^ Oji ^ F 


acts transitively on the set of 2-cells in S\. In particular, it acts transitively on 
— 1) n B^{xi) where Br{y) denotes the sphere of radius r centered at y. It 
follows that Vm ■ Vm-i ■ ■ ■ I4i+i acts transitively on fl B^^^_^^{xm)- 

Since U acts by /3p-preserving isometries, uXn G ^ Thus, 

there is some u' E Vm ■ Kn-i • • • W+i with u'xn = uXn- 

It remains to show that W contains exactly one point of each f/’^-orbit. 

Suppose there is some ~ ^ x E Yn such that E Yn- We 

will hrst consider the case that a: G E, so that x = {ioo{a), io{b)) for some a, 6 G M. 
If 7 ^ Id, then either Voo{c() < —{n -|- 1) or no('a) < —{n + 1). Therefore either 


m” • Loo n T^oo{Yn) F i^{[n + 1, oc)) 


or 

u"- ■ Lof] 7ro(W) C £o([n + 1, oo)) 

where tToo and tiq are orthogonal projections to Too and Tq respectively. Therefore if 
u'^x E Yn, we have a,b > n + 1 and u'^x = x. 

Now consider general x E Yn- By the dehnition of W, x = vy for some v G 
Stab[/(a:n) and y E Since U is abelian, u'^x = vu^y. Since vu^y E Yn, so is F^y. 
As above, this implies that y = u^y and thus that x = u^x. 

□ 

We may identify Y'^ with the quotient U'^\X. Let On '■ X —> Yn be the quotient 
map. Note that On is L„-equivariant since U is abelian. 

We may now dehne G Lr^(r\X 3 ; F) by 

^niTD)= MOnmgD))nSi) 

(7r<?6(7r\r 
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for any 2-cell D in X 3 . The next several lemmas show that is well-dehned as a 
formal snm, always contains a hnite nnmber of nonzero terms, is a cocycle, and is 
f/n-invariant. 


Lemma 14. is well-defined. In particular, it is independent of the choice of coset 
representatives inVD and Urg. 

Proof. This proof closely follows the proof of a lemma from |CK15] . Let u G t/p, u = 
u^Un for m" G t/"' and Un ^ Un- Then 

LPn{On{fi{ugD)) n si) = (fn{On{uil){gD)) H S^) 

= ^Pn{9n{u^Unfi{gD)) H Si) 

= ^PniOniUnfjigD)) fl Si) 

= ifniunOnif^igD)) n Si) 

= ^Pn{0n{f^{gD)) n Si) 

So is independent of coset representative in Urg. 

Let 7 G T. Then 

4„(r(o-c))= ^„(e„(^( 97 C) n 7)) 

Ur9eUr\r 

PniOnif’igiD) n 

Ur{gj)(^UT\r 

= Pn{9n{fi{gD) n si)) 

Urg&Ur\T 

= $n(rzi) 

Therefore is also independent of coset representative in TZl. □ 

Lemma 15. For any 2-cell D in X 3 , the formal sum 

^niTD)= M9nmgD))nSi) 

Urg&Ur\r 

has a finite number of nonzero terms. 

Proof. Since D is compact, so is 4>{D). Therefore 4>{D) mnst intersect a hnite nnmber 
of T-translates of H. We may therefore write 

D= l\J{Dnfi-\a,H)) 
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where k is some finite number, o;* G F and D is disjoint from the interior of TH. 

Let Di = D r\ 

Then we have 

k 

$„(rD) = $„(r:D) + ^ $„(rA) 

i=l 

Since Onii’igD) f] ^ for every g e T, we have <h„(rZi)) = 0. Therefore, it 

suffices to show that <h„(rZi)j) is a finite sum for each i. Let 

C, = {^eT\J^p{D,)nSi^^D] 

and 

C' = I Urj G L^r\r| ^ E Ci for some ^ G Lrbj 
We will show that C' is finite for each i. 

Suppose first that ttjiL = H. Then C* C Pr = Pr^r- Suppose ua G P, with 
u E Ur and a E Ar- Since either uSj^ O Sj^ = 0 or u fixes Sj^ pointwise, we may 
conclude that a E C. Since is compact and aSj^ O Sj^ = 0 for every a E A, Ci 

contains finitely many elements of A. Thus P' is finite. 

Now consider the general a* with nonempty P* and let 7 G Pj. Since <h„(r 7 Pj) = 
<h„(rPj) and 'yDi C H, the result follows from the argument above. 

□ 


Lemma 16. is a cocycle. 

Proof. Let TP be a 3-cell in r\X 3 corresponding to the 3-cell D in X 3 . Then dD is 
a 2-sphere. Since X contains no nontrivial 2-spheres, if{dD) is trivial. Thus, 

PniOni'figdD)) n si) = 0 


for any g eT and <h„(rP) = 0. 


□ 


Lemma 17. is Un-invariant. 

Proof. It suffices to show that Oufj^D) fl Sn is supported on Si for every disk D in 
X 3 since ipn is P„-invariant. 

Let Hn = /9“^([/9p(a;„), cxd)). Since Hn C H, the definition of tf implies that 
■^(Xi) n Hn = 0. Thus, df){D) is entirely outside of Since P” preserves we 
may also conclude that d6n{gp{D)) is outside 9n{Hn). 
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Suppose there is some cell Cq C Supp(6'n('^(Zi))) with Co C Sn and Co ^ S^. We 
will hnd an inhnite family of cells which must also be contained in Supp(6'ji('^(Zi))), 
contradicting the compactness of 6n{'ip{D)). 

Since Sn C and is C„-invariant, we may assume without loss of generality 
that Co C S. Then Cq is one of ^oo{[n — x ^Q{[n-,n + 1]), ^oo{[n■,n-\- 1]) x f'o([’^ — 
l,n]), or loo{\nin + 1]) x lQ{\n,n + 1]). We will examine in detail the case where 
Co = ^oo{\n — 1,?^]) X lQ{\n,n + 1]). The others are parallel. 

Let Ci = loo{\n — 1,n]) x lQ{\n + i,n + i + 1]) and e* = f'oo([^ — 1, n]) x loin + i) 
so that Cj, Ci G T, with Ci_i and C* adjacent along Cj. We will show by induction 
that all Cj are in Supp(6*„('^(Zi))). 

Since Cj C Hn, we have Cj ^ d6n{ip{D)). Thus, if Supp(6*„('^(Zi))) contains Ci_i, 
it must also contain some other cell with e* in its boundary. Such a cell must be of 
the form £oo([^ — 1, n\) x e for some edge e C To with IqIji + i) one endpoint. Since 
the action of Un on Tq hxes all edges incident to £o{n + i), the only cells of this form 
in CnS are the ones in S itself; Cj_i and Cj. Thus Cj C Supp(6'n('^(T)). 

This shows that Supp(0,i('^(T)) contains inhnitely many cells and is not compact. 

□ 


Now that we have dehned a family of cocyles, it remains tcy^ow that they are 
independent. We will do this by exhibiting a family of disks B 2 n C X 3 such that 
^ 2 ni^B 2 n) = 1 and <hfc(rT 2 n) = 0 for /c > 2n. 

Let Z 2 n be the triangle in S with vertices Xn, {£oo{n), io{—n)), and (f'oo(—^o(^))- 


Let 


j.2n 


2n 


B2n — Z‘ 


2n 


^2n 


Z2n + 


t-^n ^ l2n ■ 


■‘2n 


Then B 2 n is a square with B 2 n H S'2„ = Cg q — C^ g — Cg” + C^". 

Lemma 18. For every n G N, there is some disc B 2 n C X 3 such that 'ip{B 2 n) FH = 
B2n- 


Proof. Letting u 


1 

0 


1 


and a 


t^ 

0 


0 


, the vertices of i? 2 n are axo, 


a~^xo, uaxo, and ua~^xo. In particular, these four vertices are in Txo and therefore 
in '^(Xg). Let Uj and Vj be two vertices on an edge of the square, with Uj G 
and Vj G Since X 3 is connected, there is a path Cij between Uj and Vj. Thus 

Cjj = fjicifj) is a path connecting Uj and Vj. By the dehnition of fj, Cij is disjoint 
from T H. Repeating this for all four edges gives a path c in X which bounds a disk 
R 2 n such that i? 2 n n H = B 2 n H F[ and is the image of a path c in X 3 . Since X 3 is 
2 -connected, there is a disk B 2 n that hlls c, and 'ip{B 2 n) = B'^n- □ 
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Lemma 19. ^ 2 niXB‘iri) = 1 o^nd <l>fc(ri? 2 n) = 0 for k > 2n. 

Proof. We will prove that ^k(^B 2 n) = 0 by showing that 7 . 82 ^ n = 0 for every 
7 G r. Since i?2n H if C f 3 f^{[R + d, 2n]) and Pr preserves fdp, we have pi?2n H = 0 
for every p G Pr- For 7 G F — Pr, 7P fl P = 0 . Since P2n n FP C P, this implies 
that 7 P 2 n n = 0. 

By the definitions of B 2 n and <p 2 n, we have ^ 2 n{B 2 n) = 1- If therefore snffices to 
show that 7 P 2 n H S 2 n = 0 for every 7 G F — Pr- 

Let p E Pr — Ur- Since Pr preserves / 3 p and B2n H / 3 “^([ 2 n — 1, 2 n + 1]) C S2n, it 
follows that pB2n n ( 3 f^{[ 2 n — 1, 2 n + 1]) C pS2n- Let p = au for some a E Ar and 
u E Ur with a 7^ Id. Since uS2n = S2n and aS2n H S2n = 0, we have pB2n H S2n = 0- 
For 7 G F— Pr, ■jHnH = 0. Since B2nUTH C P, this implies that 'yB2nAS2n = 0- 

□ 


Thus, for any k and any even integer m > P + d, the set of cocycles 

{*hm+2 ; ‘hm+4; - - - ^m+2k} 

is independent, which suffices to prove Theorem [H 
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